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We show that the study of conductivity nonlinearity gives a possibility to determine the condition
when the diffusion conductivity changes to the hopping one with increasing disorder. It is experi-
mentally shown that the conductivity of single quantum well GaAs/InGaAs/GaAs heterostructures
behaves like diffusive one down to value of order 10−2e2/h.
PACS numbers: 73.20.Fz, 73.61.Ey
Two opposite models are used to describe the conduc-
tivity in two dimensional (2D) systems at low tempera-
ture. The first one considers an electron as free particle
with well defined quasimomentum, which sometime scat-
ters by static scattering potential. The quantum correc-
tions to the conductivity (due to interference and inter-
action) determine in the main the temperature and mag-
netic field dependences of the conductivity. It is clear
this model is valid for kF l > 1, where kF and l are Fermi
quasimomentum and mean free path, respectively.
The second model treats electrons as localized particles
which rarely hope from one localized state to another one.
All the results for this case are obtained in the framework
of percolation theory which is valid when the probability
of the transitions between the states is very small so that
the dispersion of the probabilities is exponentially large
and percolation theory becomes applicable. This theory
gives1,2
ρ(T ) = ρ0(n, T ) exp(T0/T )
p, 0 < p < 1. (1)
where n is electron density and T0 is constant depending
on localization length. The value of p depends on rela-
tionship between kBT and Coulomb gap. This expres-
sion is valid when the exponent (T0/T )
p is larger than
10.2 The value of ρ0(n, T ) depends on overlapping of the
wave functions of the localized states and hopping mech-
anism, but for all cases it is larger than h/e2. So, the
expressions for hopping conductivity are valid when con-
ductivity is less than 10−4e2/h.
Thus the conductivity of 2D systems has to be de-
scribed by theory of quantum corrections when σ >
e2/h and by theory of hoping conductivity when σ <
10−4e2/h. Over wide conductivity range e2/h > σ >
10−4e2/h both approaches are not applicable in the strike
sense. However, it is commonly accepted that the con-
ductivity mechanism in this range is hopping and practi-
cally all the experimental data are treated in framework
of the theory of hopping conductivity.
One of theoretical reasoning behind this conclusion is
the well known Landauer formula which shows that the
conductivity of one open channel is e2/h. For the first
sight the 2D random network of the open 1D channels
should have the conductivity e2/h also. This is true with-
out taking into account interference. However, the closed
paths arise in such network and the interference of the
waves propagated in the different channels has to lead to
decreasing of the conductivity value. Therefore it seems
that the value of conductivity e2/h is not lower limit for
the diffusive conductivity when the transport is by delo-
calized states.
Experimentally, the conclusion on the conductivity
mechanism comes from an analysis of the temperature
dependence of the conductivity. When σ < e2/h, the
experimental dependences ρ(T ) can be satisfactorily de-
scribed by Eq. (1) with 0.3 . p . 0.8.3,4,5,6,7,8 Relaying
on such value of power p, practically all the authors con-
clude that the variable range hopping regime takes place.
We emphasize that a number of unusual features is
observed in such a 2D hopping regime as compared with
the well-studied 3D variable range hopping conductivity.
The are the following.
1. The less than unity value of p is observed up to
relatively high temperature, T ≃ 5 − 10 K. The
transition to the nearest-neighbor hopping regime
(ǫ2-regime) or to the conductivity by free carriers
(ǫ1-regime) is not observed usually.
2. The value of ρ0 is close to h/e
2 practically in all
cases independent of the structure type and carrier
density.
3. The Hall coefficient is temperature independent, its
value is determined by the electron density, n, down
to very low conductivity values of order 10−2e2/h:
RH = (en)
−1.
4. The negative magnetoresistance is observed down
to σ ≃ (0.1 − 0.01)e2/h and its shape is very close
to that observed for high conductivity σ ≫ e2/h,
when it is caused by suppression of interference
quantum correction.
Another approach to interpret the conductivity in this
intermediate range e2/h > σ > 10−4e2/h was used in
Ref. 9. The authors attempted to trace the changes in
electron transport with decreasing conductivity caused
by increasing disorder starting from σ ≫ e2/h. They an-
alyzed not only the temperature dependences of the con-
2ductivity but the magnetic field dependences of the con-
ductivity tensor components at low and high magnetic
field. A surprising conclusion has been arrived: all the
transport effects are well described within the framework
of the quantum correction theory down to conductivity
significantly less than e2/h.
In the present paper we demonstrate that the study
of nonohmic conductivity can elucidate the low temper-
ature conductivity mechanism when σ < e2/h. An idea
of experiment will be clear after consideration of the na-
ture of conductivity nonlinearity in diffusive and hopping
regimes.
Diffusive regime. At low temperature, changing of the
conductivity σ = j/E with electric field and, thus, with
injected power Q = jE originates in this case from elec-
tron heating. The heating leads to growth of the conduc-
tivity via lowering of the quantum corrections magnitude
which is determined by electron temperature.10
For steady state the injected power Q is equal to the
energy relaxation rate P which depends on the electron
and lattice temperature, Te and Tl, respectively. This
equilibrium determines the value of Te for given value
of Tl. When the energy relaxation rate P (Te, Tl) is gov-
erned by the interaction with phonons it is equal to the
difference of two identical functions, one of them depends
on the electron temperature and another one depends on
the lattice temperature:12
P (Te, Tl) = F (Te)− F (Tl). (2)
From this equation it follows that ∂P (Te, Tl)/∂Te does
not depend on Tl
∂P (Te, Tl)
∂Te
=
∂F (Te)
∂Te
. (3)
Experimentally, the derivative ∂P (Te, Tl)/∂Te can be
straightforwardly obtained from the dependences σ(T )
measured at low injected power and σ(Q) measured at
fixed lattice temperature. Differentiating these depen-
dences we can find the experimental value of relative non-
linearity introduced as
η =
∂σ(Q)/∂Q
∂σ(T )/∂T
∣∣∣∣
σ(Q)=σ(T )
, (4)
which is exactly equal to (∂F (Te)/∂Te)
−1. Indeed,
∂σ(Q)/∂Q
∂σ(T )/∂T
∣∣∣∣
σ(Q)=σ(T )
=
(∂σ/∂Te)(∂Te/∂Q)
∂σ/∂T
(5)
=
∂Te
∂Q
=
[
∂F (Te)
∂Te
]
−1
.
Hopping regime. First of all, the conductivity in this
regime depends both on the lattice and electron tem-
perature. Second, the changing of the conductivity with
electric field results not only from the electron heating
but from the increasing of the probabilities of hops and
impact ionization of localized states as well. Finally, the
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FIG. 1: Temperature and power dependences of the con-
ductivity for σ(1.5K) = 2.2 e2/h (a) and σ(1.5K) = 6 ×
10−4 e2/h (b).
energy distribution function of the electrons in electric
field can deviate from the Fermi-Dirak function and the
approximation of electron temperature can fail. All these
effects have to lead to changing in relative nonlinearity
and, thus, the value of η will depend on both electron
and lattice temperature.
Thus, we suggest a simple experimental way to distin-
guish the diffusive conductivity from the hopping one.
As long as the conductivity remains diffusive the Te-
dependences of the relative nonlinearity η measured at
different lattice temperatures Tl have to fall on common
curve and this property has to disappear when the con-
ductivity becomes hopping.
Experimentally, we investigated the relative nonlinear-
ity of the conductivity for two types of the single quan-
tum well heterostructures GaAs/InGaAs/GaAs. The
first one consists of 0.5 mkm-thick undoped GaAs epi-
layer, a Sn δ-layer, a 9 nm spacer of undoped GaAs, a 8
nm In0.2Ga0.8As well, a 9 nm spacer of undoped GaAs, a
Sn δ-layer, and a 200 nm cap layer of undoped GaAs. The
electron density and mobility were n = 4×1015 m−2 and
µ = 0.65 m2/(V s), respectively. The samples were mesa
etched into Hall bars on which basis field-effect transis-
tors with an Ag or Al gate electrode were fabricated. It
was very important to use thick insulator between gate
electrode and 2D channel to decrease the influence of
voltage drop over the channel. We used the 10 mkm
organic insulator.
Heterostructures of another type were analogous ex-
cept that they had no doping layers. The conductiv-
ity and electron density of such samples varied by illu-
mination from 10−4 to 10 e2/h and from 1 × 1015 to
4 × 1015 m−2, respectively. Results obtained for both
types of the structures were close.
In what follows the results obtained for different elec-
tron density will be referenced by the value of σ measured
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FIG. 2: The relative nonlinearity η as a function of electron
temperature Te measured at different lattice temperature Tl
for various conductivities. Dashed line in (a) is calculated
according to Ref. 12. Solid lines are provided as a guide for
the eye.
at T = 1.5 K.
Figure 1 shows the temperature dependence of the con-
ductivity measured in Ohmic regime and power depen-
dences of σ for two significantly different conductivity
values. The dependences σ(Q) were measured at sweep-
ing of the current through the sample from minus j to
plus j during several minutes. Within experimental er-
ror the σ-versus-Q plots were identical for both current
directions.
At σ > e2/h the temperature dependence of the con-
ductivity is close to the logarithmic one [Fig. 1(a)]. Such
a temperature dependence is determined by the quantum
corrections and was discussed in detail in our previous
papers.9,13 The increase of the conductivity with increas-
ing injected power is result of electron heating and rise
of electron temperature from Tl to Te. For this case, the
electron temperature Te at given power Q can be deter-
mined by a standard manner14 using the experimental
dependences σ(T ) measured at Q → 0 and σ(Q) mea-
sured at fixed temperature T as shown in Fig. 1(a) by
arrows: for each value of Q, σ is used as a thermometer
giving Te as the temperature T at which the same value
of σ is measured for Q→ 0.
To obtain the relative nonlinearity we have numeri-
cally differentiated the experimental dependences σ(T )
and σ(Q) and found η in accordance with Eq. (4). This
quantity as a function of electron temperature taken at
different lattice temperature is presented in Fig. 2.
First we consider the results for highest conductivity
σ = 10 e2/h which unambiguously corresponds to the
diffusion regime [Fig. 2(a)]. It is clearly seen that η-
versus-Te data obtained for different lattice temperatures
fall on common curve as it has to be in the diffusive
regime. This curve is close to theoretical dependence
∂F (Te)/∂Te when the interaction with deformation and
piezoelectric potential of the acoustic phonons is taken
into account.12
Such a data processing was carried out over the
whole conductivity range and the results are presented
in Figs. 2(b)-(e). It is evident that η-versus-Te data
obtained for different lattice temperatures fall on com-
mon curve down to σ = 0.22 e2/h and only at σ =
1 × 10−2e2/h some deviation arises. This deviation be-
comes drastic at σ = 4.7 × 10−4e2/h. It points to the
fact that one or more specific features of the hopping
regime discussed above occur: the conductivity becomes
dependent both on the lattice and electron temperature;
the electric field leads to the conductivity change not only
via electron heating but through the increase of the prob-
ability of hops and impact ionization; the approximation
of electron temperature fails. In means also that the way
of finding of the electron temperature can be incorrect
at σ < 10−2e/h, and the quantity Te in Fig. 2 is some
effective temperature.
In summary, we have proposed the way how study-
ing the conductivity nonlinearity one can determine the
condition when the diffusion regime changes to the hop-
ping one. We have shown that for single quantum well
GaAs/InGaAs/GaAs heterostructures the conductivity
behaves like diffusive one down to σ ≈ (2−3)×10−2e2/h.
The conclusion that the low-temperature conductivity
of the disordered 2D systems remains diffusive down to
σ ≪ e2/h agrees with that obtained from the studies of
the quantum corrections to the conductivity at decreas-
ing of kF l carried out in Ref. 9.
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